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1 Introduction

To begin with, note that we can imagine a tetrahedron as four vertices of a cube,
and choose them so no two lie on the same edge, so then the distance between
any two points becomes the length of the face diagonal. Now, there are actually
only two ways to label the tetrahedron vertices so that you cannot reach one
position from another only using rotations, and they’re actually reflections of
one another (this can be seen by first labeling any vertex as A, and then noticing
that the only way to get different configurations is to label the three other in
counter-clockwise or clockwise order). The velocities of the birds will lie on the
diagonals of the faces of the cube, and there will be two faces that do not have
a velocity that lies on them, and those faces are opposite of each other. Now
label the plane that goes through the origin and is parallel to the mentioned
two faces as the xy-plane, and the axis perpendicular to this plane as the z-
axis. I will prove that at any moment in time the birds’ positions lie on the
vertices of a rectangular cuboid that has two opposite faces be squares parallel
to xy-plane (say you took a cube with edges parallel to the axes of the space
and chose the 4 edges parallel to the z-axis, and changed all of their lengths to
some other value (the same for all 4 of them), and could also rotate the cube
around it’s axis that’s parallel to the z-axis) in such a way that no two birds
lie on the same edge of the rectangular cuboid with an induction-like argument.
Notice that the initial configuration satisfies this condition. Say that after some
time has passed, the positions of the birds satisfy the condition. If we say the
magnitude of the angle between any velocity vector and the xy-plane is α, and
the speed of any bird is v, then, after a time dt passes, the distance between
projections of the birds to the xy plane changes by −v cosαdt, and it stays a
square, while the z component for any bird changes by magnitude v sinαdt,
but it changes in one direction for two birds that had the same z-component,
and in the other direction for the other two, so that the z-distance between
any two points that had different z components decreases (they move towards
each other) so we have four points that project as a square on the xy-plane and
when we take their projections to the axis perpendicular to the plane we get
one value for some two points, and another value for the other points. So, after
this time passed the positions actually satisfy the condition, and because the
initial situation satisfied it, it is proved by induction. Now, take two points with
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different z coordinates. At any moment in time we will label the absolute value
of the difference between the coordinates as 2r(t) = 2r. Now take the same two
points, and label the distance between projections to xy-plane as l(t) = l, the
magnitude of the angle between the diagonal of the face on which lies any one
of the velocities and the xy-plane as α(t) = α, and finally the velocity of the
birds v (which we don’t know but also don’t need).

2 Solution

We can write two equations:

dl

dt
= −v cosα (1)

which is visible easily if we project the speeds on the xy-plane, and

dr

dt
= −v sinα (2)

For now, it does not seem to be doing a lot, but if we divide (2) by (1), we get:

dr

dl
= tanα =

2r

l
(3)

Now, we are able to use separation of variables to solve this equation. Noting
that r(0) = a

2
√
2
and l(0) = a√

2
, we find:
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∫ l

l(0)

dl

l
=

∫ r

r(0)

dr

r

l2

l(0)
2 =

r

r(0)

2l2

a2
=

r2
√
2

a

ar
√
2 = l2 (4)

Now we can easily get tanα = l
√
2

a , and then cosα = 1√
2l2

a2 +1
. Now, looking

back at (1), we can substitute the expression for cosα and get a differential
equation which we can try to integrate (tf marks the time when the birds
meet): ∫ 0

l(0)

√
2l2

a2
+ 1dl = −vtf

2



Note that vtf is actually the distance d we are trying to find. Substituting

tanu = l
√
2

a we get:

a√
2

∫ 0

π
4

sec3 udu = −vtf

the integral of sec3 udu is quite well known, it is 1
2 (secu tanu+ln(secu+tanu))+

c, so, we find:

− a

2
√
2
(
√
2 + ln(

√
2 + 1)) = −vtf

So the distance is:

d = vtf = (
1

2
+

√
2 ln(

√
2 + 1)

4
)a ≈ 0.81161262a
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