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1 Lemmas

Lemma 1.1. At all timest >0, AB=BC =CD = DA and AC = BD.

Proof. Suppose that at some point in time, AB = BC = CD = DA and AC = BD. Since ANABC =
ABCD = ANCDA = ADAB, We can thus permute the labels cyclically (A, B,C,D) — (B,C, D, A), pro-
ducing a situation physically indistinguishable from the original, aside from rotation. From this relabelling,
we have

d d d d
%AB = %BC = aC’D = aDA
and p J
—AC = —BD.
dt ¢ dt

Thus, the initial condition remains true. Since at the start, all pairwise distances are equal, we are done. [J
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Lemma 1.2. Let u € R3. We have

Proof.
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Corollary 1.3. Let u,v € R3. We have

dv

du
%Hu - VH = COMPy_y E + COIMpPy, E



2 Solution

Since the birds always travel at the same speeds, the final trajectory and distance traveled will be the same
irrespective of the particular speeds during the flight. We can thus assume that the birds always fly with
speed v. Let AB=BC =CD = DA =2, AC=BD =y, and LZABC = /BCD = /CDA = /DAB = 6.
Projecting the velocities of the birds as in Corollary 1.3, we get

(fl—f = —v —wvcosb.
Since ZCAB = ZACD = /BDA = /DBC =} — %, we have
% = —2v cos (77 — g) = —2vsin -
From law of cosines and half angle identity/geometry, we get
COSQZM: —i sine = 2|
212 22’ 2 2

This allows us to rewrite the equations as
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We make the substitutions X = z? and Y = y?2, giving

dX dx Y
C—p— = 2w (2 —
at  ldt ”( 2X>’
and a p )
Y Y
=2y = W = 2pv—
at ~ Vat X
Dividing the two, we get
ax _2x 1
ay Y 2

Observe the following solution:

1 1
X:CY2+§Y = x:\/cy4+§y2,

for ¢ € R. Since this is a first order differential equation, we have found all solutions to the equation. Since
we have the initial condition x = y = a, this gives ¢ = ﬁ, giving
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Rearranging and substituting back into the original equation, we get
1 1
_fdy =vdt = —\/ =—=y?+ —dy = vdt.
Y 2a2 2
Note that vdt is the distance covered in time dt. Integrating from start to finish, we get

0 [02/a2 +1
_/ y/%dy:D,

where D is the total distance covered. Under the substitution 5 = ¥, we get

a’

1
_ 2
D_ﬂ/O V1 32dB.



Under the substitution 8 = tan «, we can rewrite the integral as

/:de:/

w/4
0

sec® o da.
Integrating by parts, we get
/4 4 /4
/ sec® a da = sec atan oz|70r/ — / sec a tan® a da
0 0
w/4
:\@f/ sec® a — sec a dav,
0
S0

w/4 ) /4
2/ sec® a da = \/§+/ seca da = V2 + In(sec a + tan o) |7/*
0 0

=V2+In(V2+1).

Hence,

D= [VE+m(va+ ] =| ] [2+v2m (V2 +1)] |
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