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Figure 1: Relative velocities and their corresponding friction forces ﬁ and fz (fi=fo=1f).

Let v; and v; be the velocity of the brick with respect to the lower and higher planes (Fig. 1). Then,
we have

vi=(&y), va=(E-0y),
and denote their magnitudes u = ||v1||, w = ||v2||. The equation of motion is

min=—f - f2, )

with the same right-hand side for v, because the upper plate’s velocity is constant.

Invariant w — u

Differentiating u = ||vy|| and w = ||v2||,

ViV . VoV
ou o ow
Using (1) and v, = vy,
w—u:vl-(ﬁ—ﬂ):—i(oﬁoz)-(f@—vl):o,
W u m
hence
w —u = C = const, C=w(0) —u(0) = \/ud + v —ug > 0. ()



Physics Cup 2026 Thach Nguyen

Angle dynamics

Let ¢ be the angle of v; from +%, so tan¢ = y/x and sing = y/1/ > + x2 = ij/u. The rotation of
71 is due to the projection component f, sin 8. Using (1) together with the law of sines gives

ugb:—% sinﬁ:—iw. ©)
Moreover, by the cosine law for that same triangle of sides u, w, v and using (2),
,02 o CZ
(u+C)* =u?+0v* —2uvcos¢p = u(p)= 2(Ctucosg) w(p) =u(p)+C. (4

y—displacement as a parameter integral

From (3),
__ muw o _om o,
dt = fvsinqbd(l)' = dy = ydt = usin¢ dt fvu wdg.
The initial direction is ¢(0) = 77/2 and ¢ — 0 as t — o0, hence
1) m /2
0, = / jdt = — 2 dg, 5
o= | gar= gy [ u@rei) g ®)
with u, w from (4). Setting C to a and v to b for better visuals,
b2 —a?
u(p) = 2(a+bcosd)’ w(p) =u(¢) +a,

The integrand, then, is a linear combination of (a + bcos¢)~2 and (a + bcos ¢) 3. Define

g
]n(arb)—/o W (7121),

for which [, = —% 0], /0a. Using the standard

2 arctanh b;a

Vb2 — 42 b+a’

one obtains closed forms for ], J3 by differentiating with respect to 4 and combines them in (5).
After simplification the result is

]1 (ll, b) =

m | ®ug  2uoC , , ) v—C 2
b="|5c t g (v —2C)arctanhy/o— 1, C=\Ju 02—,
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Relating f/m to the given |ag|

Att = 0wehave v; = (0,up) and v, = (—v,up), hence (from (1))

Y HOy:_T]’;(l"‘uO )

ot
M\ Jud + 02 \/ U3+ 02
Therefore, with V = \/W,

=) 05 = 20+ )

Solving for f/m gives

f_ || _ 1
m V2+2
(- )

\J ud + 02

with v = ugp = 1 m/s and |ag| = 1 m/s?. As long as we don’t change how hard the plates are
pressed or the mass of the brick, we don’t have to calculate this ratio again.

(6)

Final form of Ey in terms of

Since £, above appears multiplied by m/ f, replace m/ f with the reciprocal of (6). With

C=Jub+v>—uy, V=, uj+71?

we obtain

2 orwal —
by = (\/ PR \f2> [USZO + ZSL;OC (02 — 2C2) arctanh Z—I—g

This expression depends only on the given up and v. Whenv = up = 1 m/s,

¢, = 0.6631 m.

Checks. The expression above satisfies the two clean limits (fixing f/m and u):

2

e R ”;”fo = 0.4619 m (both plates at rest = decel. 2f /m),
2mu?
V> up: Ly — 3f 0 =1.2318 m (upper plate drags in x, only lower plate damps v).

Our /,, sits right in between them — fully consistent and beautiful.
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