
The eccentricity vector 𝑒 is 

𝑒 =
�⃗� × �⃗⃗�

𝐺𝑀𝑚
− �̂� 

Because �⃗�1 and �⃗�2 are orthogonal and |�⃗�1| = 2|�⃗�2|, therefore 

𝑒 + �̂�1 and 𝑒 + �̂�2 are orthogonal and |𝑒 + �̂�1| = 2|𝑒 + �̂�2|.  

Therefore 

{𝑒
2 + 4𝑎2 − 4𝑎𝑒 cos𝜃 = 1
𝑒2 + 𝑎2 + 2𝑎𝑒 sin 𝜃 = 1
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= 1 

20𝑎4 − 16𝑎2 + 5(𝑒2 − 1)2 = 0 

Δ = 256 − 400(𝑒2 − 1)2 ≥ 0 
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Therefore, the smallest possible eccentricity of the orbit is 
√5

5
. 
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